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continuous-time and discrete-time distributed formation tracking protocols are proposed by utilizing the
neighboring relative information. Using Lyapunov stability approach, sufficient conditions for the multi-
UAV system to achieve the desired formation tracking are given and the width of quasi-sliding mode
domain for the discrete-time protocol is expressed. Algorithms to construct the designed continuous-

Keywords: time and discrete-time protocols for multi-UAV systems are provided. Based on the Gazebo simulator, a
Distributed sliding mode control formation tracking virtual experiment platform for multi-UAV systems is constructed. Virtual experiments
Formation tracking control with multiple UAVs are performed to demonstrate the effectiveness of the continuous and discrete
Multi-agent system formation tracking protocols.
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Unmanned aerial vehicle (UAV)

1. Introduction

During the past few years, formation control technology of multi-agent systems has been extensively investigated and applied in
broad domains, such as cooperative surveillance of aircrafts [1-3], attitude tracking of spacecrafts [4-7], collaborative load transport of
robots [8-10]. With the development of various technologies, unmanned aerial vehicle (UAV), as a typical representative of agent, can
accomplish more and more complicated missions [11-13]. To overcome the shortcomings of single UAV in mission, for instance, low
efficiency, low performance, and high cost, the UAV swarm operations become a new trend, where multiple UAVs collaborate with each
other and externally act as an entire system. As a representative of cooperative control technologies, formation control of multiple UAVs
is an important research topic. For multi-UAV systems, how to realize the expected formation by a distributed and robust control method
is of both theoretical challenges and engineering significances.

Due to the great advances in consensus control of multi-agent systems [14-17] over the past years, consensus based approach is
extended to deal with the formation control problem of multi-UAV systems. In [18], the formation control problem of a team of Vertical
Take-Off and Landing UAVs is investigated, where the communication delays among UAVs are considered. In [19], an output feedback
linearization method is developed to deal with the time-varying formation control problem of multi-UAV systems. In [20], a consensus
based approach is proposed for the time-varying formation control problem of multi-UAV systems, and the procedure to design the
protocol is summarized. In [21], necessary and sufficient conditions for multi-UAV systems with topology switching to realize a time-
varying formation are presented. It should be indicated that in [18-21], only formation control problems of multiple-UAV systems are
taken into account.

In practical applications, only realizing the desired formation is not enough, but it is also required that the multi-UAV system can track
the reference trajectory generated by a virtual or real leader. In this case, the formation tracking control problem for multi-UAV systems
arises. In [22], a feedback formation control strategy is developed to deal with the formation tracking problem of UAVs. In [23], a two-layer
control strategy is developed to deal with the time-varying formation tracking problem. In [24], a formation tracking control problem for
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multi-UAV systems is investigated, where a collective control strategy is presented to guarantee the realization of trajectory tracking. In
[25], a sliding mode controller is proposed for the formation tracking control problem of multi-UAV systems, and the performance of the
controller is evaluated by conducting an experiment with a virtual leader and a real follower quadrotor UAV. In [26], the formation tracking
control for multi-UAV systems is achieved by a learning-based model predictive controller that considers the unmodeled dynamics of the
UAV. In [27], a protocol with time-varying delays using only neighboring relative position information is introduced to solve the formation
tracking problem of multi-UAV systems. In [28], an optimal control approach is developed to deal with the formation trajectory tracking
control problem of multi-UAV systems. In [29], time-varying formation tracking problem of multi-UAV systems with switching directed
topology is studied, where a protocol that involves formation feasibility condition is provided to ensure the realization of the expected
formation tracking. In [30], an adaptive control protocol is designed to solve the formation tracking problems of multi-UAV systems with
parametric uncertainties and external disturbances. Based on back-stepping approach, a guidance control method is constructed in [31] to
make multi-UAV systems realize the expected formation. In [32], a rolling optimization approach is proposed to deal with the formation
tracking problem of multi-UAV systems, where the formation reconfiguration is taken into account. Note that the researches in [22-32]
are based on continuous-time model and the proposed formation tracking protocol is of continuous form.

It should be pointed out that the continuous-time protocols cannot be employed directly because the digital system can only handle
discretized signal. With the broad application of digital systems in engineering fields, the research on design of discrete-time protocol
that can be implemented directly receives more and more attention. Thus, it is more interesting to investigate the formation tracking
control problem with discrete-time model and to design the discretized protocol. In [33], a discrete-time formation control problem with
switching topology is studied, where the link failures and actuator faults are taken into account. Necessary and sufficient conditions for
multi-UAV systems to realize formation with one sample period delay are given in [34]. An adaptive backstepping approach that involves
quantized signals for multi-UAV systems to achieve time-varying formation tracking is presented in [35]. In [36], discrete-time formation
tracking control problems that consider the system nonlinearity is investigated. In [37], a consensus based state fusion estimation approach
is developed to deal with the discrete-time formation problem of multi-UAV systems. In [38], an event-triggered method is proposed to
handle the discrete-time formation tracking problems of multi-UAV systems, and the designed algorithm can remove the communication
assumption. However, the common assumption in the above formation tracking control problem for multi-UAV systems is that the leader
is without any control input [27-30,36], or the control input of the leader is known to the followers [23-25].

According to whether the leader’s control input is known or not, the leader can be divided into cooperative and non-cooperative target.
More specifically, when the control input of the leader can be obtained by the followers, the leader is called a cooperative target; when
the leader’s control input is unknown to the followers, the leader is called a non-cooperative target. The multi-UAV system formation
tracking control technologies for non-cooperative targets have more extensive applications, for instance, the scenario where the police
need to track and intercept an illegal UAV. Compared with the problems with cooperative targets, the formation tracking control problems
of multiple-UAVs with non-cooperative targets are more complicated. In order to expand the potential applications of the multi-UAV
formation tracking control technologies, the non-cooperative target, namely, the leader with unknown control input, is considered in this
paper.

The time-varying formation tracking control problem for multi-UAV systems is investigated in this paper, where both continuous-time
and discrete-time cases are studied. Based on the neighboring state information, sliding surface for each UAV in the multi-UAV system is
designed. Using a sliding mode control approach, continuous-time and discrete-time formation tracking control protocols are proposed,
respectively. Sufficient conditions for the multi-UAV system to realize the time-varying formation tracking are given. In addition, the quasi-
sliding mode band for the discrete-time case is obtained. By using seven quadrotor UAVs in Gazebo simulator, virtual experiments with
different sample time are conducted to verify the effectiveness of the proposed formation tracking method.

Compared with the previous researches, the main contributions of this paper are threefold. First, for the formation tracking control
problem of multi-UAV systems, a leader with maneuvering acceleration is considered. Only the upper and lower bounds of the maneu-
vering acceleration need to be known. While in [23-30,36], it is assumed that the leader is without any control input or the control
input of the leader is assumed to be known to the followers. Second, the UAV model and formation tracking protocol are constructed in
continuous-time and discrete-time cases, respectively. Then, the discretized theoretical results can be directly applied to engineering fields.
The researches in [24-26,28,29] are based on only continuous-time model, and the proposed protocol cannot be directly implemented
in digital systems. Third, a virtual experiment formation tracking platform is constructed and the validity of the proposed protocols is
demonstrated by virtual multi-UAV experiments. However, in [26-28,30,33-35], the effectiveness of protocols is verified by traditional
numerical simulations. In contrast with the traditional simulations, the virtual experiments are closer to the actual application scenarios,
and therefore the virtual experimental results are more meaningful for reference.

The rest of this paper is organized as follows. Preliminaries of graph theory and multi-UAV system modeling are introduced in section 2.
The time-varying formation tracking problem description and transformation are described in section 3. Continuous and discrete formation
tracking control protocols are proposed in section 4 and 5, respectively. In section 6, formation tracking virtual experiments with seven
UAVs in Gazebo are performed. Conclusions are drawn in section 7.

Notations: sgn represents the symbolic function; sgn(A) = [sgn(a;), sgn(az), ..., sgn(ay)1", if A=[ai,az,...,a,] € R". In addition, ||A||
denotes the Euclidean norm for a real vector A. 1, denotes an n-dimensional column vector with all elements being 1. ® indicates the
Kronecker product.

2. Preliminaries and system modeling
2.1. Graph theory

Consider a multi-UAV system with one leader labeled 0 and N followers labeled 1,2, ..., N. The interaction topology among the N
followers can be described by a weighted directed graph G = (W, £, A), where W = {w1, wa, ..., wy} denotes the set of nodes, £ = {e;j =
(wj, wi), wi, wj € W} represents the set of edges, and A = [a;j]nxn is the weighted adjacency matrix with i, j € {1, 2, ..., N}. In addition,
ejj denotes the edge formed by nodes w; and w;, where w; and w; are called the parent node and child node, respectively. Moreover,

ajj > 0 represents the weight of edge e;; if there exists e;; € £, and a;; = 0 if not. Besides, one assumes that a;; =0,Vi=1,2,...,N.
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Fig. 1. Quadrotor UAV body diagram. (For interpretation of the colors in the figures, the reader is referred to the web version of this article.)

A directed path between nodes w; and w; is defined by a series of edges (w;, wi1), (W1, Wi2), ..., (Wi, wj), where wy(k=1,2,...,])
are different nodes of the graph. A directed graph G is said to have a directed spanning tree if there exists at least one node which has
directed paths to all the other nodes. The in-degree of node w; is defined as deg;,(w;) = Z?’:L i i Then the in-degree matrix D and
the Laplacian matrix L are defined as D = diag(deg;,(w;),i=1,2,...,N) and L =D — A, respectively.

Assume that the communication between the leader and followers is unidirectional, which means that the followers can get the status
of the leader, but not vice versa. The interaction weight between the leader and follower i is denoted by ajo. ajo > 0 if the follower i can
get the status of the leader, and a;p = 0 if not. In addition, denote H = diag(ao, axo, ...,ano) and Ly =L+ H.

Lemma 1. If the directed graph G contains a directed spanning tree from the leader, then the matrix Ly is invertible.
2.2. Quadrotor UAV modeling

For a quadrotor UAV, define the control input as

Ucq T14+Ty+T3+4+Ta
Uc2 T, — T4

= N 1
Uc3 Ty —T3 (1)
Uca M — My + M3 — My

where uc1, U, Ucs, and uq4 represent the total thrust perpendicular to the direction of the UAV body, the lift affecting the pitch and roll
motion, and the torque affecting the yaw motion of the aircraft, respectively. M; and T;, i =1, 2, 3, 4, are the torques and lifts generated
by four different motors as marked in Fig. 1.

Next, we will derive the control model of the quadrotor UAV from two parts: translational motion and rotational motion [39,40].

2.2.1. Translational motion
According to Newton’s second law, the dynamic equation of the UAV’s translational motion can be described as

xv 0 0
m| ¥ =] 0 |+Raw| 0 |, 2)
zv mg —Uc1

where g is the acceleration of gravity and m denotes the mass of the UAV. X%, Y%, and Z" are the North, East, and Down positions of
UAV in the world frame, respectively. Rpy,, € R3*3 is the transition matrix from the body frame to the world frame

c@)c) c)s(@)s@) —c(@)s() s(@)s(y) + c(d)c(y)s(O)
Rpow = | c@)s(¥) c(@)c(¥) +s(@)s@)s(¥)  c(P)s@)s(¥) —c(¥)s(e) |, (3)
—s(0) c(®)s(¢) c(e)c(0)

where c(-) and s(-) represent cos(-) and sin(-); ¢, 6, and ¢ are the roll, pitch, and yaw angles, respectively.
Substituting Ry, into (2), one has

mXY =uci(—sin¢siny — cos ¢ sinf cos ¥)
mY"Y = ¢ (sin¢ cos ¥ — cos ¢ sin@ sin ) . (4)
mZY =mg — uc COSs ¢ oS O

2.2.2. Rotational motion
According to Euler’s equations, the dynamic equation of the UAV’s rotational motion can be described as

1=1"Q+Qx IPQ, (5)

where 7 denotes the total moment of the UAV, I? represents the inertial tensor matrix, and € = [p, q, r]" is the three-axis angular velocity
of the UAV in the body frame. Due to the symmetrical layout characteristics of the quadrotor UAV, the inertial tensor matrix I? can be
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Fig. 2. Two loops control scheme for quadrotor UAV.

approximated as a diagonal matrix. Denote [? = diag{l, Iyy, I2;}, where Iy, Iyy, and I, are the components corresponding to the x, y,
and z axes, respectively.
Consider the fact that

(T2 — Ty)l uel
T= (T1 —Ts3)l = | ucl |, (6)
My — Mz + M3 — My Ucq

where | represents the distance from any motor to the body mass center. Since the symmetrical layout of the quadrotor UAV, [ is also the
half distance between the diagonal motors.

Denote ® = [¢, 0, ¥]T as the attitude angle of UAV. The transformation relationship between the attitude angular velocity and three-
axis angular velocity is

_ 1 singtanfd cos¢tand
d=10 cos ¢ —sing Q. (7)
0 sin¢/cos® cos¢p/cosh

When the roll and pitch angle are small enough, one has that & ~ €, then (5) can be rewritten as

Ixx‘% =ucl + élz’(lyy —1Iz)
Iyy0 = usl+ oz —Ix) - ®)
Iz =ucq + PO (Ixx — Iyy)

Thus, it yields the complete four-input-six-output model of a quadrotor UAV (4) and (8). In general applications, assuming UAV flight
near the hover state, it means that ¢ ~0, 0 0, ¢ ~0, 0 ~0, and uc; ~mg, a linearized model near the hover can be obtained

XW = (—¢siny —6Hcosp)g
YW = (—Osiny + ¢ cosg)g
Zw — _Mmg—lUa
m
el , 9)
3= sl
I
L
v =12

In the linearized model (9), the coupling relationship between the four input and six output variables is decoupled. The control of the
UAV’s altitude and three-axis attitude is completely decoupled, and each channel is modeled as a second-order integrator. The horizontal
position of the UAV is a second-order integrator of the roll angle and pitch angle after a linear transformation. In flight control and
formation control of the quadrotor UAV, the system can be layered with independent control of each channel.

The control of the quadrotor UAV can be decoupled into attitude-loop control and trajectory-loop control. The corresponding controllers
are called attitude and trajectory controllers, respectively. Fig. 2 shows the two loops control scheme for the quadrotor UAV. A PD controller
will be used in the attitude-loop, and a formation tracking controller will be used in the trajectory-loop. Next, we will focus on the
formation tracking control modeling for multiple UAVs.

2.3. Multi-UAV system modeling

In the trajectory-loop control, each UAV of the multi-UAV system can be simplified as
pi(t) = vi(t),
vi(t) = ui(t),

where i =0,1,2,...,N, pit) e R", v;(t) e R", and u;(t) € R" are the position, velocity, and control input of UAV i at time t, respectively.
For the sake of simplicity, let n =1 in the following. However, it should be pointed out that all the theoretical analysis hereafter
remains valid for higher dimensional cases, namely, n > 2.
Denote x;(t) = [pi(t), vi(t)]T e R%, the UAV i (i=0,1,2,...,N) can be transformed to the following state space representation

(10)

X;(t) = Ax;(t) + Bu;(t), (11)
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where

[ )-[3)

Let X(t) = [x1(OT, 207, ..., xy(®T]T and U(t) = [uq(t), u2(t), ..., un(®)]7, then the multi-UAV system with N followers can be written
as

X(®) =(In®AX(® + (INnBU®), (12)

where Iy is identity matrix of size N.
The leader in the multi-UAV system has the same dynamics as the N followers. The control input ug(t) of the leader is dynamically
changing but unknown to the followers.

Assumption 1. The dynamic input ug(t) of the leader is bounded, and there exist two constants umj, and umax such that for all t >
0, Umin < ug(t) < Umax-

Remark 1. The position and velocity of UAVs can be obtained accurately by sensors such as IRs and radars. However, the acceleration
measure of UAVs contains various noises, thus is with low accuracy. The unknown acceleration of UAVs can be regarded as an unknown
control input. Thus, we assume that the leader’s positions and velocities are accessible to the followers while the leader’s control input is
unknown to the followers. Therefore, the theoretical results can be applied on the formation tracking control problems for non-cooperative
targets.

Assumption 2. For the multi-UAV system (12), there exists at least one directed spanning tree from the leader.

Lemma 2. [41] Consider a nonlinear system y = g(y), g(0) = 0, and a positive definite function V (y) € R. If there exist two constants « and y such
that

V(y)+aV?(y) <0, (13)
witho >0and 0 < y < 1, then V (y) can reach zero in a finite period, where the finite setting time T depending on the initial state is

_ Vo)

14
a(l-y) (14)

3. Problem statement and transformation

Definition 1. A time-varying formation for UAV i is specified by a vector fi(t) = [fip(t), fiv()]" € R?*1, where fi(t) is continuously
differentiable. fi,(t) and fi, (t) are the formation position and velocity components, respectively, and f,-p (t) = fiy (t). The multi-UAV system
(11) with one leader and N followers is said to achieve the formation tracking, if for any initial conditions and for all i =1, 2, ..., N, there
exists a constant oy > 0 such that

Jim [1xi(6) = fi(6) = x0(0)]) < o, (15)

where o represents the formation tracking error boundary.

In order to describe the time-varying formation tracking scenario, let us consider an example with one leader and four followers. The
expected formation among the followers is a square rotating counterclockwise. As shown in Fig. 3, the four followers form a square and
the leader is located in the center of the square at time tp, which means that the desired formation tracking is achieved. During the
movement of the leader in the period from ¢ty to tq, the desired square formation among the four followers is maintained. At the same
time, four followers track the trajectory of the leader and surround the leader in the center of the square. Since the square formation is
turning counterclockwise, the relative position of the follower i with respect to the leader is changing according to the formation vector
fi(®). It means that the expected time-varying formation tracking is realized.

Remark 2. The desired time-varying formation tracking consists of two aspects: on the one hand, the desired time-varying formation
should be realized among the followers; on the other hand, the followers should be able to track the trajectory of the leader’s movement.
In fact, the leader can either be a real UAV to be tracked, or a virtual UAV used for generating a trajectory. For example, in Fig. 3, the
leader indicated by the red hexagon is a real UAV. It should be pointed out that the formation vector f(t) is not a global coordinate for
the state x;(t) of follower i, but a relative offset with respect to the state xg(t) of the leader. The relationship between f;(t), x;(t), and
Xo(t) can be illustrated by the triangular formed by these three vectors in Fig. 3.

Define the following formation error system for UAV i,

N
€i(t) = Zaij(xi(t) — fi(®) —xj(®) + fj(©) + aio(x; (t) — fi(t) — xo(D)). (16)

j=1



J. Wang, L. Han, X. Dong et al. Aerospace Science and Technology 111 (2021) 106549

@ Leader
ey
%\ fite) (/X f Followers

Fig. 3. Illustration of the time-varying formation tracking.

For sliding mode control approach, the switching function s;(t) for follower i is defined as

si(t) = Kei(t), (17)

where K = [kq, k2] € R12 is the parameter matrix with k; > 0 and k; > 0.
Then the global switching function S(t) = [s1(t), s2(t), ..., sn(t)]T can be expressed as

St =Ly ®K)(X(t) — F(t)) — (H® K)(In Q@ xo(t)), (18)
with F() =[f1()", LOT, ..., in@""

Lemma 3. If the global switching function S(t) reaches and remains on the sliding surface S(t) = 0, then the multi-UAV system (12) realizes the
desired time-varying formation tracking defined by formation vector F (t) and the formation tracking error boundary is oy = 0.

Proof. According to error system (16), redefine the position and velocity formation error system for UAV i

N

€ip(t) = Zaij(Pi(t) — fip® —pj®) + fip®) +aio(pi(t) — fip(t) — po(t)), (19)
=1
N

€iv(t) = Zaij(vi(t) — fiv(®) = vj(®) + fjv(©) +aip(vi(t) — fiv(£) — vo(D)). (20)
=1

Then one has €;(t) = [€jp (£), €iv(®]T and €ip(t) = €jy (t). The switching function s;(t) in (17) can be rewritten as

si(t) = kq€ip () + kae€iy (0). (21)

Denote P(t) = [p1(t), p2(), ... PNOIT, V(©) = [vi(©), v2(®), ..., ynOI", Fp(®) = [fip(®), fap(®), ..., fap®]I", and Fy(®) = [fiv(©),
fav(®), ..., fav(®O]T. In addition, let

P(t) = P(t) — Fp(t) — Iy ® po(b), (22)
V() =V () — Fy(t) — In @ vo(D), (23)

then, one has IL’(t) = V(t). Thus, the global switching function S(t) in (18) can be rewritten as

S(t) =kiLyP(t) + kaLyV (t). (24)
The Lyapunov candidate function is chosen as
1.7
Ve() = 51’ ©OP(®), (25)
and one has
Ve®) = PTOP® = PT©V (©). (26)

On the sliding surface S(t) =0, one has

kiLg P(t) + ko Ly V (t) = 0. (27)
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Considering the invertibility of Ly, the derivative of V¢(t) can be written as,

Ve(®)

k1 - ~
= éPTmP(r)
2’(1 (28)
< - ZLvoo.
kz

According to Lyapunov stability theory, one has lim;_, o Ve (t) =0, then it can be obtained that lim;_, o P(t) = 0. Furthermore, it yields
that lim;_, o, V (t) = 0. Thus, one has

Jim 1% () = fi(©) = xo0 (O = 0. (29)

According to Definition 1, it can be obtained that the multi-UAV system (12) achieves the desired formation tracking and the formation
tracking error boundary is oy = 0. The proof is completed. O

The sliding mode control objective is to make each follower UAV i reach the sliding mode surface s;(t) = 0 and remain on it. Therefore,
from Lemma 3, the formation tracking problem is transformed to a sliding mode control problem. Then we will design the formation
tracking protocol based on sliding mode control approach in continuous-time form.

4. Continuous formation tracking protocol design

The distributed formation tracking protocol for follower UAV i (i=1,2,..., N) is proposed as

N
ui(t) = (KB(d; +ai0)) " (KB > au©) — [KA(i + @) ©

j=1.j#
N
— > axj(0) —aigK Axo(t) — aigK Bumin + p sgn(si (1)) (30)
j=1,j#i
N
— K((d; +aio) fi(t) — Z aijfj(f))D,
j=1.j#i

where d; = Z?’:L#i ajj, o is a control parameter.

Theorem 1. Under protocol (30), the multi-UAV system (12) can achieve the desired formation tracking with the error boundary o ¢ = 0 if the matrix
K = [k1, k] satisfies k1 > 0, ky > 0, and the control parameter p > 0.

Proof. It holds from (18) that

$(6) =Ly @ K)(X(®) — F(®) — (H® K)(Iny ® Xo(t)). (31)
Substituting Xo(t) and X(t) by the system equations of leader and followers yields

S(t) =Ly @K)((IN ® A)X(t) + (Iy ® B)U(t)) — (Ly @ K)F(t)

(32)
— (H® K)(1n ® (Axo(t) 4 Buo(t))).
Let U(t) = [uq(t), uz(t), ..., un(®)]", the protocols for followers can be rewritten in the following compact form
u)y=- (LH ® (KB))_1 ((LH ® KA)X(t) — H1 ® (KAXo(t) + KBupip)
. (33)
+psEn(S(©) — (Ly ® OF ).
Substituting the control input (33) into (32), the equation of S(t) gives
S(t) = —psgn(S(t)) — H1 ® (KB(uo(t) — Umin)). (34)
For each UAV i, one has from (34) that
$i(t) = —p sgn(si(t)) — aioKB(uo(t) — Umin)- (35)
Choose the Lyapunov candidate function for UAV i as
1
Vis) = o si(0)?, (36)

which means that
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Vis(6) = si ()i (). (37)

Since

—(Uuo(t) — Umin) <0, (38)
one has $;(t) < —psgn(s;(t)). Thus,
Vis(t) = si(D)3i(0)
= si(0)(—p sgn(si(t)))
= —plsi®]
—V2p(Vis(0)?.

According to Lemma 2, for each UAV i, it can reach the sliding surface s;(t) = 0 in a finite time and keep on it. It means that for the
multi-UAV system (12), it can reach the sliding surface S(t) =0 in a finite time and remain on it. From Lemma 3, it can be concluded that
the multi-UAV system (12) achieves the desired formation tracking and the error boundary is oy = 0. The proof is completed. O

(39)

A

According to Theorem 1, a feasible procedure to construct the continuous time-varying formation tracking protocol is given in Algo-
rithm 1.

Algorithm 1 Procedure to construct the continuous time-varying formation tracking protocol.

1: for each follower UAV i (i=1,2,...,N), do
2:  Choose the desired continuous time-varying formation fi(t) = [ fip(t), Ffiv®O1%;
if the condition f,-p(t) = fiy(t) is met, then
Determine the upy, based on the movement state of the leader;
Select an appropriate coefficient matrix K = [kq, k2] with k; > 0 and k; > 0;
Choose appropriate p > 0;
Complete the construct of the formation tracking protocol shown in (30);
end if
end for

LRIV AW

5. Discrete formation tracking protocol design

In the above section, the formation tracking protocol under the continuous-time model is given. However, in industrial systems, digital
systems can only handle sampled signals, not continuous signals. The processing flow of the digital system for continuous system is shown
in Fig. 4. It means that the above continuous-time control protocol cannot be directly applied to the engineering field. Therefore, in this
section, we will construct the formation tracking controller in a discrete-time form.

Before designing a discrete-time formation tracking protocol, a discrete-time system model should be first established. Substituting the
derivative by the forward difference, the UAV i (i=0,1,2,...,N) in (11) can be discretized as

xi(k + 1) = Ax;(k) + Bu; k), (40)

where k represents the time t = kT, x;(k) = [p;(k), vi(k)]" € R2,

[ 1) -]

and T is the sampling period.
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Similarly, the discrete multi-UAV system of N followers can be written as

X(k+1)=(In® A)X(K) + (In ® B)U (k). (41)

The following definition is given to describe the sliding mode characteristics of the discrete sliding mode controller.

Definition 2. [42] For all i =1,2,..., N, the discrete system (40) is said to be in a quasi-sliding mode (QSM) in the A vicinity of the
switching function s;(k) if the motion of system (40) met

(xi(k) : Isi(k) = Kei (k) || < A, Yk > k*}, (42)

where A is a positive constant and k* is a positive integer. The specified space domain defined by —A and A is called a quasi-sliding
mode domain (QSMD), and A is named the width of the QSMD.

Remark 3. For the discrete-time case, the discrete sliding mode controller is in a QSM, while as shown in Lemma 3, the continuous sliding
mode controller is in an ideal quasi-sliding mode (IQSM) with A = 0. It means that the motion of the discrete sliding mode system is not
as smooth as the continuous system.

Lemma 4. For the multi-UAV system (40), if the switching function s;(k) is in a QSBD with width A, then the desired formation tracking will be

) ) gl
achieved with an error boundary o < —H2——A.
Vor = (k1+k2)V/2

Proof. From the proof process of Lemma 3, it holds
S(k) =kqLyPk) + koLy V (k), (43)
and considering the invertibility of Ly, one has
L S(k) = ki P(k) + ka2 V (k). (44)
Then taking the norm in both side yields

killP(R)I| + ka2 [V ()| = 1L ;" SR

H (45)
<IL IS o1l

Suppose that the position and velocity error boundaries are equal. Since the formation tracking error boundary is o, one has 1P k)| =

17l = /Yo, then it follows

N _
(ki +ka)\/ S0y < L' IVNA. (46)
It can be obtained that
ILE I
of < ————A. (47)
d (k1 + kN2
The proof is completed. O
The distributed discrete-time formation tracking protocol for follower UAV i (i=1,2, ..., N) is proposed as
. N . N
u;(k) =(KB(d; + ajp)) ! (KB > ayujtk) - [I(A((di +aioxik) — > ayxjk))
J=1,j#i J=1,j#i
— ajoK Axo(k) — aioK Bilig(k) + (qT — 1)s; (k) + €T sgn(s; (k)) (48)
N
_ K((di +ajp) fitlk + 1) — Z ajj fik+ 1))]),
J=1,j#i

where & and g are two control parameters, tijo(k) = i1 — tip sgn(s;(k)), 11 = (Umax + Umin)/2, and iy = (Umax — Umin) /2.

Remark 4. It should be noted that in the discrete-time formation tracking protocol (48), both the upper and lower bounds of the leader’s
acceleration, namely, Umax and upip, are required. In contrast, only the lower bound upj, in the continuous-time protocol (30) is needed. It
means that compared with the continuous-time case, more information about the leader’s control input should be known in the discrete-
time case.
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Theorem 2. Under protocol (48), if the control parameters satisfy ¢ > 0, q > 0, and 1 — qT > 0, then the discrete-time multi-UAV system (40) can
realize the expected formation tracking where the width of QSMD is A = max{A1, Ay} with

_eT+ aio K B(tmax — Umin) + 70

Aq 2T ,Mo >0, (49)
and

Az = €T +aioKB(Umax — Umin)- (50)
In addition, the formation tracking error boundary is oy < (klnilil)ufz .
Proof. It holds from (18) that

Sk+1)=_Lr@K)(X(k+1)—Fk+1)) - (H®K)(In @ xo(k +1)). (51)

Substituting xo(k + 1) and X(k + 1) with the system equations of the leader and followers yields
Sk+1) =Ly ® K)((Iy ® A)X (k) + (In ® B)U (k)
— (H® K)(1n ® (Axo(k) + Bug(k))) (52)
—(Ly®K)F(k+1).

Note U (k) = [uq(k), uy(k), ..., un(®]1F, the discrete-time protocols for followers can be rewritten in the following compact form

UKk)=— (L ® (KB))™' ((LH ® KA)X (k) — H1 ® (KAxo(k)) — (H ® KB)Uq(k)

(53)
4+ (qT —1)S(k) + €T sgn(S(k)) — (Ly ® K)F(k + 1)),
where Ug(k) = 1y ® ilig(k).
Substituting the control input (53) into (52), the equation of S(k + 1) gives
Sk+1)=(1—qT)Sk) — H1 @ (KBug(k)) + (H® KB)Ug(k) — T sgn(S(k)). (54)
For each UAV i, it follows from (54) that
sitk+1) = (1 —qT)si(k) — eT sgn(s;(k)) — aioK B(uo(k) — i (k)), (55)
where iljo(k) = i1 — tiz sgn(s;(k)).
Choose the Lyapunov candidate function for UAV i as
Vsi(k) = si(k)*, (56)
which means that
8Vsi(k) = Vsi(k + 1) — Vi (k) (57)
= (si(k+ 1) + i) (si(k + 1) = si(k)).
Then let us discuss the cases s;j(k) > A1, si(k) < —Aq, 0 <sj(k) < A1, and —Aq < sj(k) <O.
Case 1: s;(k) > Aq. From (55), one gets
si(k+1) = si(k) = —ajo K B(ug(k) — umin) — €T — qTs;i(k) (58)
< —&T —qTsi(k),
and
si(k 4+ 1) + s;(k) = —aioK B(uo(k) — umin) + 2 — qT)si(k) — T (59)

> ajo K B(Umax — Uo(k)) + 1o.
Then, one has
8Vsi(k) < {aioK B(Umax — uo(k)) + no}(—&T —qTs;(k))
< —noeT — noqTs;i(k) (60)
< —1noeT —noqT Aq.
Case 2: s;(k) < —A1. From (55), one gets
si(k + 1) — si(k) = —aijoK B(ug(k) — tmax) + €T — qTs;(k) (61)
>eT —qTs;i(k),

10
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and
si(k 4+ 1) + si(k) = —ajoK B(ug(k) — tmax) + (2 — qT)si(k) + €T (62)
< ajoK B(Umin — uo(k)) — 1o.

Then, one has
8Vsi(k) < {aioKB(umin — uo(k)) — no}(eT — qTs;(k))
< —noeT + noqTsi(k) (63)
< —noeT —noqT Aq.

From the analyses of Case 1 and 2, one can see that V;(k) is decreasing at a rate greater than —noeT — 1oqT A1 per step when s;(k)
is outside of the band, namely, s;(k) > A1 or sj(k) < —Aj. Then it can be obtained that s;(k) will decrease to the region defined by A in
finite steps. Thus, for the boundary A = max{Aq, Ay}, one can obtain that s;(k) will decrease to the region defined by A in finite steps.

Case 3: 0 < sj(k) < Aq. From (55), one gets

sitk+1) = —ajoKB(uo(k) — Umin) — T + (1 — qT)s;(k), (64)
and then one has

sitk+1) > —ajoKB(ug(k) — umin) — T

(65)
> — Aj.
Case4: —A1 < sj(k) <0. From (55), one gets
si(k+1) = —ajoKB(uo(k) — timax) + €T + (1 — qT)s; (k), (66)
and then one has
sitk+1) < aioKBUmax — uok)) + €T
(67)

< Aj.

From the analyses of Case 3 and 4, one can get that when |[s;(k)| < A1, |si(k+ 1)| < A,. Thus, for the boundary A = max{A1, Ay}, one
can obtain that when [s;j (k)| < A, |si(k+ 1)| < A.

According to the above analysis of the four cases, it can be concluded that the switching function s;(k) has a ultimate bounded stability
with boundary A, namely s;(k) is in a QSM with width A. Then from Llemma 4, it can be obtained that the desired formation tracking
Ly |l

. . . . -
can be achieved and the formation tracking error boundary is oy < Tt 73

A. The proof is completed. O

Remark 5. Under the continuous protocol, the continuous-time system is uniformly asymptotically stable. However, the discrete-time
system is bounded stable under the discrete protocol. It means that the transition from continuous-time to discrete-time model weakens
the stability of the system. The stability conditions of the system become more stringent and are related to the sampling time.

According to Theorem 2, a feasible procedure to construct the discrete time-varying formation tracking protocol is given in Algorithm 2.

Algorithm 2 Procedure to construct the discrete time-varying formation tracking protocol.

1: for each follower UAV i (i=1,2,..., N), do

2:  Choose the desired discrete time-varying formation f;(k) = [ fip (k), fiv(O1™;

3 Determine the upi, and umax based on the movement state of the leader;

4 Select a common sample time T;

5:  if the condition fi,(k+1) — fip (k) = Tfjy (k) is met, then

6: Select an appropriate coefficient matrix K = [k1, k] with k1 > 0 and k; > 0;
7.

8

9

Choose appropriate ¢ > 0 and ¢ > 0;
if 1 —qT <0 then
back to Step 4;

10: end if

11: Complete the construct of the formation tracking protocol shown in (48);
12:  end if

13: end for

6. Experiment results

In order to verify the theoretical results, virtual experiments with UAVs are conducted. In this section, the multiple UAV formation
tracking simulation platform will be introduced, experiments with six UAVs using the proposed sliding mode formation tracking protocol
will be performed, and the analysis of the experimental results will be given. The virtual experiment video can be found on https://
youtu.be/dHgNoYIUgD8 and https://www.bilibili.com/video/BV19y4y1r7RZ/.

11
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Fig. 5. Structure of the formation tracking platform.

Fig. 6. Quadrotor UAV used in the formation tracking platform.

6.1. Experiment platform

In order to establish the virtual experiment as close as possible to the reality, Robot Operating System (ROS) and Gazebo simulator
are used to create the multiple-UAV formation tracking virtual experiment platform. ROS is a collection of software frameworks for robot
software development and provides services designed for a heterogeneous computer cluster such as hardware abstraction, low-level device
control, etc. As a well-designed open source 3D robotics simulator, Gazebo can use multiple high-performance physics engines, such as
ODE, Bullet, etc. A multi-UAV virtual experiment environment can be constructed in Gazebo, where the gravity, friction, contact forces,
and the other physical parameters are considered. By integrating with ROS, Gazebo simulator has become a de facto standard in robotics
research.

Message-passing between processes is the main functionality of the ROS communication network. A node is a single process running in
ROS. Topics are named buses over which nodes send and receive messages. In the formation tracking platform, the Gazebo simulator, the
formation tracking controller, and the PID controller are three typical nodes. The UAV state information and control inputs are two typical
topics. The workflow of the entire formation tracking platform is as follows. First, Gazebo sends states information such as position,
velocity, and attitude of each UAV through ROS topics. Then, the sliding mode formation tracking controller and PID controller nodes
subscribe to the states of UAVs, calculate the control inputs of pitch, roll, yaw, and altitude channels of UAVs, and then publish them to
the corresponding ROS topic. Finally, Gazebo simulates the movement of UAVs according to their control inputs, displays the trajectories
of UAVs in real time, and updates the states of UAVs. The whole structure of the formation tracking virtual experiment platform is shown
in Fig. 5. (See also Fig. 6.)

6.2. Experiment results

A multi-UAV system with one leader and six followers is considered. As indicated in Fig. 7, the control of yaw and altitude direction
is through with PID controller. The X and Y directions, namely, roll and pitch channels are controlled by the sliding mode formation
tracing controller. As for the design of the formation tracking controller in X and Y directions, the state x;(t), formation vector f;(t),
and control input u;(t) of UAV i can be rewritten as x;(t) = [pix(t), vix(t), piv (), Viy (D17, fi(t) = [fipx (®), fivx(©), fipy ). fivy ()17, and
u;(t) = [uix (), uiy ()17, respectively. The interaction topology with 0-1 weights among the UAVs is shown in Fig. 8. One can verify that
there exists a directed spanning tree from the leader. Then one has that H = diag(1, 0, 0, 0, 0, 0), and

12
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Fig. 7. Block diagram of the proposed formation control scheme.
Fig. 8. Interaction topology among seven UAVs.
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The leader makes a circular motion around the origin of the coordinates, where w; = 0.157 rad/s and r; =20 m. Then, one can choose
that upmin = —1 and umax = 1. The desired time-varying formation for the followers is a circular motion with radius r = 10 m, angular
velocity w = 0.314 rad/s, and the phase difference 7 /3. The corresponding formation vector f;(t) is

i1
rcos(wt + %)

—wrsin(wt + @)
rsin(wt + —(i_;)”)

wr cos(wt + (i_%)

fit) = ,i=1,2,...,6.

The following formation tracking error function o (t) for the whole multi-UAV system is defined to measure the achievement degree
of the time-varying formation tracking

or(t) = X() — F(t) —1n @ x0(D)]l. (68)

Both continuous-time and discrete-time formation tracking controllers are applied in the virtual experiments. Matrix K = I, ® [3,1] is
chosen for the design of switching function. According to Theorem 1, the parameter of continuous protocol (30) is p = 0.05; according to
Theorem 2, the parameters of discrete protocol are chosen as € =0.05 and g = 4.5. Experiment 1 is conducted to verify the effectiveness
of continuous formation tracking protocol. Experiment 2 and 3 are performed to demonstrate the effect of sampling time T on the
performance of discrete formation tracking protocol with T =0.05 s and T = 0.2 s, respectively.

6.2.1. Experiment 1

Continuous protocol is used in this experiment (Fig. 9). Fig. 10 shows the trajectories of seven UAVs in X-Y plane within 40 s, where the
positions of UAVs at t =0 s and t =40 s are represented by round and hexagon markers, respectively. The positions of UAVs in X-Y plane
at t =40 s are indicated in Fig. 11. The angles of pitch 6 and roll ¢ of follower 1 are shown in Fig. 12. The yaw angle v and switching

13
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(c) t=20s

Fig. 9. Seven UAVs during the formation tracking in experiment 1 in Gazebo at different time.

functions s1(t) of follower 1 are represented in Fig. 13 and Fig. 14, respectively. Since the attitude angles and switching functions of the
other followers are similar to those of follower 1, only follower 1 is shown as an example. The formation tracking error function o (t) for
the whole multi-UAV system is indicated in Fig. 15.
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Fig. 10. Trajectories in X-Y plane of seven UAVs within 40 s in experiment 1.
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Fig. 12. Pitch 6 and roll ¢ angles of follower 1 within 40 s in experiment 1.

According to the red circle in Fig. 11, the six followers reach exactly on the circumference of the circle with r =10 m at t =40 s,
and the leader is at the center of the circle. One can see that the desired circular formation with r =10 m among followers is achieved.
Therefore, it can be concluded that the desired time-varying formation tracking is realized.

6.2.2. Experiment 2

Discrete protocol with sample time T = 0.05 s is used in this experiment. The trajectories of seven UAVs in X-Y plane within 40 s are
shown in Fig. 16. The positions of UAVs in X-Y plane at t =40 s are indicated in Fig. 17. (See also Figs. 18 and 19.) The switching functions
s1(t) of follower 1 are represented in Fig. 20 and the formation tracking error function of (k) is indicated in Fig. 21.
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Fig. 13. Yaw ¢ angle of follower 1 within 40 s in experiment 1.
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Fig. 14. Switching function s; (t) of follower 1 within 40 s in experiment 1.
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Fig. 15. Formation tracking error o (t) within 40 s in experiment 1.
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Fig. 16. Trajectories in X-Y plane of seven UAVs within 40 s in experiment 2.
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Fig. 20. Switching function s; (k) of follower 1 within 40 s in experiment 2.
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Fig. 22. Trajectories in X-Y plane of seven UAVs within 40 s in experiment 3.

Table 1

Comparisons for different formation tracking controllers.
Experiment Formation tracking controllers Control parameters Mean value of o (t) with t € [25,40] s
1 Continuous controller p=0.05 0.8397
2 Discrete controller with T =0.05 s 1.4405

£=0.05q=45

3 Discrete controller with T =0.2 s 4.5250

From the red circle in Fig. 17, the six followers reach exactly on the circumference of the circle with r =10 m at t =40 s, and the
leader is at the center of the circle. One can see that the desired circular formation with r = 10 m among followers is achieved. In addition,
from Fig. 20 and Fig. 21, it can be seen that the switching function and formation tracking error function decrease rapidly at the beginning
and eventually converge to a bounded region, which is coincident with the conclusion of bounded stability given in Theorem 2. Thus, it
can be obtained that the expected time-varying formation tracking is achieved.

6.2.3. Experiment 3

Discrete protocol with sample time T =0.2 s is used in this experiment. The trajectories of seven UAVs in X-Y plane within 40 s are
shown in Fig. 22. The positions of UAVs in X-Y plane at t =40 s are indicated in Fig. 23. (See also Figs. 24 and 25.) The switching functions
s1(k) of follower 1 are represented in Fig. 26 and the formation tracking error function of(k) is indicated in Fig. 27. From Fig. 22 and
Fig. 23, one can see that the desired circular formation with r =10 m among followers is achieved. In addition, from Fig. 26 and Fig. 27,
it can be seen that the switching function sq(k) and formation tracking error function o (k) converge eventually to a bounded region.
Therefore, it can be concluded that the desired time-varying formation tracking is realized.

6.2.4. Summary

The control parameters and formation errors of three experiments are shown in Table 1. Comparing Experiment 2 with Experiment 3,
one can see that as the sampling time T increases, the upper bounds of convergence of switching function and formation error also
increase, which is consistent with the expression of QSMD width given in Theorem 2. The results of Experiment 1 can be considered as
a discrete controller with the sampling time tending to 0. However, considering the fact that Gazebo is a simulator with physics engines,
and the continuous control inputs are converted to sampled signal to process in Gazebo, the formation tracking error of is not zero. Thus,
it can be concluded that the accuracy of time-varying formation tracking is improved as the sampling time T decreases.

18



J. Wang, L. Han, X. Dong et al. Aerospace Science and Technology 111 (2021) 106549

I~ F1||

oog -l

101 /
~—~ 8t ,’I F4 s
B : s
> 6F F5 1
4t F6 |
0r . 1
ot ‘ — J
10 15 20 25 30
z(m)

Fig. 23. Positions of seven UAVs at 40 s in experiment 3.
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Fig. 25. Yaw ¢ angle of follower 1 within 40 s in experiment 3.

7. Conclusions and future work

Continuous and discrete time-varying formation tracking problems for multi-UAV system were investigated, where the leader was
subject to unknown dynamical control input. Using sliding mode control method, formation tracking controllers were constructed in
continuous-time and discrete-time cases. Sufficient conditions for multi-UAV system to achieve the time-varying formation tracking were
given, where the width of QSMD for discrete-time case was derived. Algorithms were summarized to show the procedure for designing
the continuous and discrete time-varying formation tracking protocols. By utilizing seven quadrotor UAVs in Gazebo simulator, the virtual
experiments demonstrated that the formation tracking can be realized with continuous and discrete protocols. The results of virtual
formation tracking experiments showed that the designed protocols were effective and the error of formation tracking was reduced with
the decrease of sampling time. In practical applications, the sampling time should be determined based on the minimum sampling time
allowed by the digital system and the maximum acceptable formation error in order to make a tradeoff between efficiency and accuracy.

The formation tracking controller proposed in this paper was demonstrated by the Gazebo simulator. The future work is to perform
the experiments with real UAVs to better verify the application of theoretical algorithms in engineering fields.
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Fig. 26. Switching function s (k) of follower 1 within 40 s in experiment 3.

60
50}¢ b
\
H - 4
40 ‘, N 6\
PN A
e 301 5 ll‘1|||ﬂll|llj 'I'ln|'|
\ I|| ||| n\'lnfll
20+ v 4 lI I'- lu||||'| 1
\ ‘ AL
10 - ‘\ i
'\\u.’t.,r.l.,vr/lv.lv\“’zsl-\\3QMJ:/3;§~~.,\.£0
0 L L L L L L L
0 5 10 15 20 25 30 35 40

t(s)

Fig. 27. Formation tracking error o (k) within 40 s in experiment 3.
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