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RM×N

M N [1, 1, · · · , 1]
⊗

G = (V, E ,A) N
V = {v1, v2, . . . , vN}

E = {Eij = (vi, vj), E ⊆ V × V}
A = (aij)N×N

aij aii = 0 ∀i ∈
{1, 2, . . . , N} G aij = aji
∀i, j ∈ {1, 2, . . . , N} Nj = {vj ∈ V , Eji = (vj , vi) ∈ E}

vj
(vi, vi1), (vi1 , vi2), . . . (vil , vj) vik (k =

1, 2, . . . , l)
vi vj

G

W
W = ( (v1), (v2), . . . , (vN ))

vi (vi) =
∑N

j=1,j �=i aij
L G L =W −A

L
G 0 L 1

L1 = 0

G k
G(k) ΩN = {G(k), k ∈ Z+}

G L(k) = (lij(k))N×N

G(k) L(k) dmax

L(k)
τij ∈ Z+, i 
= j

j i

τij ≤ τmax τmax

M = (mij)n×n ∈ Rn×n

M
M ∀i ∈ {1, 2, . . . , n}∑n
j=1 mij = 1
M

c ∈ Rn
∏+∞

j=1 M
j = c

M

N
i

pi((k + 1)T ) = pi(kT ) + Tvi(kT )

vi((k + 1)T ) = vi(kT ) + Tui(kT )

pi(kT ) ∈ R vi(kT ) ∈ R

i kT ui(kT ) ∈ R
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i kT T ∈ R

k ∈ Z+

xi(kT ) = [pi(kT ), vi(kT )] ∈ R2

kT k

xi(k + 1) = Axi(k) +Bui(k)

k ∈ Z+ i = 1, 2, . . . , N

A =

[
1 T
0 1

]
, B =

[
0
T

]

fR(k) ∈ R2

k→+∞
(xi(k)− fR(k)) = 0 ∀i = 1, 2, . . . , N

fR(k)

x(k) = [x1(k) , x2(k) , · · · , xN (k) ]
h(k) = [h1(k) , h2(k) , · · · , hN (k) ]

hi(k) =
[hip(k), hiv(k)] ∈ R2

i

h(k) hR(k) ∈ R2

k→+∞
(xi(k)− hi(k)− hR(k)) = 0 ∀i = 1, 2, . . . , N

hR(k)

hi(k) ≡ 0
hi(k)

fR(k)
hR(k)

hi(k) =
[hip(k), hiv(k)] ∈ R2

hip(k + 1) = hip(k) + Thiv(k), i = 1, 2, . . . , N

h(k)

ui(k) =K1(xi(k)− hi(k)) + hia(k))+

K2

∑
j∈Ni(k)

aij(k)(xj(kτ )− hj(kτ )− xi(k) + hi(k))

i ∈ {1, 2, . . . , N} kτ = k − τij K1 = [k̄11, k̄12],K2 =
[k̄21, k̄22] ∈ R1×2

hia(k) = (hiv(k + 1)− hiv(k))/T

xi(k + 1) =(A+BK1)xi(k) +B(hia(k)−K1hi(k))+

BK2

∑
j∈Ni(k)

aij(k)(xj(kτ )− hj(kτ )− xi(k) + hi(k))

εi(k) = xi(k)− hi(k) = [εip(k), εiv(k)]

εi(k + 1) = (A+BK1)εi(k)

+BK2

∑
j∈Ni(k)

aij(k)(εj(kτ )− εi(k))

+Ahi(k) +Bhia(k)− hi(k + 1)

Ahi(k) + Bhia(k) −
hi(k + 1) = 0 ε(k) =
[ε1(k), ε2(k), · · · , εN (k)]

ε(k + 1) = Ξ(k)ε(k) +

τmax∑
m=0

(Υm(k)⊗BK2)ε(k − j)

Υj(k) ∈ RN×N Ξ(k) = IN ⊗ (A+BK1)−Ld(k)⊗
BK2 Ld(k) = (l11(k), l22(k), · · · , lNN (k))

ij Υm(k) aij m = τij
L(k) L(k) = Ld(k) −∑τmax

m=0 Υm(k)
ε̄i(k) = [εip(k), εip(k) + RKεiv(k)] RK =

k̄22/k̄21 ε̄(k) = [ε̄1(k) , ε̄2(k) , · · · , ε̄N (k) ]
ε̄(k) = (IN ⊗ P )ε(k)

P =

[
1 0
1 RK

]
, P−1 =

[
1 0

− 1
RK

1
RK

]

ε̄(k + 1) = Ξ̄(k)ε̄(k) +

τmax∑
m=0

(Υm(k)⊗ B̄)ε̄(k − j)

Ξ̄(k) = (IN ⊗ Ā−Ld(k)⊗ B̄) Ā = P (A+BK1)P
−1

Ā =

[
1− T

RK

T
RK

k̄11TRK − (1 + k̄12RK)
T
RK

1 + (1 + k̄12RK)
T
RK

]

B̄ = PBK2P
−1 =

[
0 0
0 k̄22T

]
η(k) = [ε̄(k) , ε̄(k − 1) , · · · , ε̄(k − τmax) ]

η(k + 1) = Γ(k)η(k)

Γ(k) =

⎡⎢⎢⎢⎢⎢⎣
Γ0(k) Γ1(k) · · · Γτmax−1(k) Γτmax

(k)
IN 0 · · · 0 0
0 IN · · · 0 0

0 0 · · · IN 0

⎤⎥⎥⎥⎥⎥⎦
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Γ0(k) = Ξ̄(k)+Υ0(k)⊗B̄ i = 1, 2, . . . , τmax

Γi(k) = Υi(k)⊗ B̄

h(k)

k→+∞ η(k)

η(k) = [ε̄(k) , ε̄(k− 1) , · · · , ε̄(k− τmax) ]

k→+∞ ε̄(k)

k→+∞ ε(k)
ε(k) = (IN ⊗ P−1)ε̄(k) P

ε(k) = x(k) − h(k)

k→+∞(x(k)−h(k))

h(k)

Ψ1,Ψ2, · · · ,Ψm ∈ Rn×n

Ψj1 ,Ψj2 , . . . ,Ψji i > 1
ΨjiΨji−1

· · ·Ψj1

Ψj1 ,Ψj2 , · · · c ∈ Rn∏+∞
i=1 Ψji = c

Γ(k)
[k1, k2] k2 > k1 k1, k2 ∈ Z+⋃k2

k=k1
G(k)∏k2

k=k1
Γ(k)

h(k)

k̄21 > 0 k̄22 > 0 k̄12 < 0 k̄11 = 0
T < RK 1 + k̄12RK < 0
1 + (1 + k̄12RK)

T
RK

> dmaxk̄22T
k0 =

0, k1, k2, · · · m,μ ∈ Z+ 0 < km+1 − km ≤ μ⋃km+1−1
k=km

G(k)

Ā B̄ Ā
B̄ 1 Ā B̄

L(k) = Ld(k)−
∑τmax

m=0 Υm(k) L = 0
Γ(k) =

Γ(k) Γ(k)
Γ(k)

mk ∈ Z+ kmk
≤

k k ≥ 0 Θ(m) = Γ(km+1 − 1)Γ(km+1 −
2) · · ·Γ(km)

η(k + 1) = Γ(k) · · ·Γ(kmk
)

mk−1∏
m=0

Θ(m)η(0)

m,μ ∈ Z+ 0 < km+1 − km ≤ μ⋃km+1−1
k=km

G(k) Θ(m)

j
⋃km+j−1

i=km
G(i)∏m+j+1

s=m Θ(s)
G(k) ΩN

aij(k) 0 <
km+1 − km ≤ μ
Θ(j)

c ∈ R2(τmax+1)N

+∞∏
i=0

Θ(i) = c

k→+∞
η(k + 1) =

k→+∞
(Γ(k) · · ·Γ(kmk

)

mk−1∏
m=0

Θ(m)η(0))

=
+∞∏
i=0

Θ(i)η(0)

= c η(0)

k→+∞ ε̄(k) = c η(0)

k→+∞(x(k) − h(k)) = k→+∞ ε(k) =
(IN ⊗ P−1) c η(0)

h(k)
hR(k)

k→+∞
hR(k) = (IN ⊗ P−1) c η(0)

η(0) = ⊗ [(IN ⊗ P )(x(0)− h(0))]

k→+∞ η(k + 1) = c η(0) η(0) =
[ε̄(0) , ε̄(−1) , · · · , ε̄(−τmax) ] ε̄(k ≤ 0) =
ε̄(0)

η(0) = ⊗ ε̄(0) = ⊗ [(IN ⊗ P )(x(0)− h(0))]

k→+∞
hR(k) =

k→+∞
(xi(k)− hi(k))

k→+∞
(x(k)− h(k)) = (IN ⊗ P−1) c η(0)
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hR(k) x(k)
h(k) hR(k)

c

X − Y
x y

xi(k) =
[pix(k), vix(k), piy(k), viy(k)] , i ∈ {1, 2, 3, 4}

2

34

1 2

34

1

2

34

1 2

34

1

T 0.1

(a)
⋃
(b)

⋃
(c)

⋃
(d)

(a) →
(b) → (c) → (d)
5T

τ12 = τ21 = τ23 = τ32 = T

τ14 = τ41 = τ24 = τ42 = 2T

τ13 = τ31 = τ34 = τ43 = 3T

p
y
(
m
)

px(m) t(s)

Agent 1

Agent 2

Agent 3

Agent 4

X − Y − t t = 30

r = 5 ω = 3.14

hi(k) =

⎡⎢⎢⎣
rcos(ωk + (i− 1)/2π)

−ωrsin(ωk + (i− 1)/2π)
rsin(ωk + (i− 1)/2π)
ωrcos(ωk + (i− 1)/2π)

⎤⎥⎥⎦ , i ∈ {1, 2, 3, 4}

K1 = [0,−1] K2 = [0.2, 0.4]

x1(0) = [1, 0,−1, 0.2]
x2(0) = [−1.2, 0.5, 1, 0.5]
x3(0) = [−2, 1, 0.5, 0.6]
x4(0) = [0.5, 0,−1,−0.2]

vx(m/s)

v y
(
m
/
s)

Agent 1

Agent 2

Agent 3

Agent 4

X − Y t = 30

X − Y − t
30

30
30

15.5

r = 5 ω
3.14 h(k)
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px(m)

p
y
(
m
)

Agent 1

Agent 2

Agent 3

Agent 4

X − Y t = 30
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