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⊗ R
M×N

M N
(σ1, σ2, . . . , σN )

σi i 1N
N

(A)
(A) = [ (A1), (A2), . . . , (AN )]T

A = [A1, A2, . . . , AN ]T ∈ R
N

||A|| ||A||1
A

N
G = (V, E ,A) V = {v1, v2, . . . , vN}

E = {Eij = (vi, vj), E ⊆ V × V}
A = (aij)N×N

aij
aij = Eij Eij ∈ E aij = 0

aii = 0, i = 1, 2, . . . , N
vi Ni = {vi ∈ V, Eij =

(vi, vj) ∈ E} G
∀ i, j ∈ {1, 2, . . . , N} aij = aji

vi vj
(vi, vi1), (vi1 , vi2), . . . (vil , vj) vik (k =

1, 2, . . . , l) G
G

(vi, vj) i, j ∈ {1, 2, . . . , N}
G

vi
(vi) =

∑N
j=1,j �=i |aij |

aij
(vi) =∑N

j=1,j �=i aij W
W = ( (v1), (v2), . . . , (vN ))

L G L =
W −A

G
V1

V2

• V1 ∪ V2 = V V1 ∩ V2 = ∅
• aij ≥ 0 vi, vj ∈ Vp (p ∈ {1, 2})
• aij ≤ 0 vi ∈ Vp, vj ∈ V3−p (p ∈ {1, 2})

D = {Π =
(σ1, σ2, . . . , σN ), σi = ±1} G

∃Π ∈ D
ΠAΠ

Π V1 = {i, σi > 0}
V2 = {i, σi < 0}

N
x0(t) xi(t), i ∈

{1, . . . , N}

ẋi(t) = Axi(t) +Bui(t)

xi(t) ∈ R
n n

i ui(t) ∈ R
s i

A ∈ R
n×n, B ∈ R

n×s

u0(t)
umax > 0

∀t > 0, ||u0(t)|| < umax

N
G

L ∈ R
N×N

A = [aij ] ∈ R
N×N i, j ∈ {1, 2, . . . , N} G

N +1 N
G̃

L̃ ∈ R
(N+1)×(N+1)

Ã = [aij ] ∈ R
(N+1)×(N+1) i, j ∈ {0, 1, . . . , N}

ak0 ≥ 0
G̃

G

{
t→∞ ||xi(t)− x0(t)|| = 0, ∀i ∈ Vp

t→∞ ||xi(t) + x0(t)|| = 0, ∀i ∈ V3−p, p ∈ {1, 2}

G

G

t→∞ ||xi(t)− σix0(t)|| = 0, i ∈ {1, 2 . . . , N}

h(t) = [h1(t)
T , h2(t)

T , · · · , hN (t)T ]T

hi(t) ∈ R
n

i
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h(t) xi(t) N

{
t→∞ ||xi(t)− x0(t)− hi(t)|| = 0, ∀i ∈ Vp

t→∞ ||xi(t) + x0(t)− hi(t)|| = 0, ∀i ∈ V3−p, p ∈ {1, 2}

G

xi(t) N

t→∞ ||xi(t)−σix0(t)−hi(t)|| = 0, i ∈ {1, 2 . . . , N}

hi(t) ≡ 0

N

h(t)⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

ui(t) = K1 (xi(t)− σix0(t)) + c1S(t) + c2 (S(t))

S(t) = K2

[
ai0(xi(t)− hi(t))− σix0(t)

+
∑N

j=1

(|aij |(xi(t)− hi(t))

−aij(xj(t)− hj(t))
)]

i ∈ {1, 2, . . . , N} c1 > 0, c2 > 0 K1,K2 ∈
R

s×n

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

ẋi(t) = (A+BK1)xi(t)−BK1σix0(t)
+Bc1S(t) +Bc2 (S(t))

S(t) = K2

[
ai0(xi(t)− hi(t))− σix0(t)

+
∑N

j=1

(|aij |(xi(t)− hi(t))

−aij(xj(t)− hj(t))
)]

Ξ = (a10, a20, . . . , aN0) x(t) =
[x1(t)

T , x2(t)
T , . . . , xN (t)T ]T

ẋ(t) = (IN ⊗ (A+BK1))x(t)

+ (c1LΞ ⊗BK2)(x(t)− h(t))

− (Π ⊗BK11N + ΞΠ ⊗Bc1K21N )x0(t)

+ c2 (IN ⊗B)
(
(LΞ ⊗K2)(x(t)− h(t))

− ΞΠ ⊗K21Nx0(t)
)

Π LΞ

LΞ = L+ Ξ
η(t) = [η1(t)

T , η2(t)
T , . . . , ηN (t)T ]T

ηi(t) = xi(t) − hi(t) − σix0(t) i ∈ {1, 2, . . . , N}
x(t) = h(t) + η(t) + Π1Nx0(t) ẋ(t) =

ḣ(t) + η̇(t) + Π1N ẋ0(t) ẋ0(t) =
Ax0(t) +Bu0(t)⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

η̇(t) = Γ1(t) + Γ2(t) + Γ3(t) + Γ4(t) + Γ5(t)
Γ1(t) = (IN ⊗ (A+BK1) + c1LΞ ⊗BK2)η(t)

+c2(IN ⊗B) ((LΞ ⊗K2)η(t))
−(Π1N ⊗B)u0(t)

Γ2(t) = (IN ⊗ (A+BK1))h(t)− ḣ(t)
Γ3(t) = ((IN ⊗ (A+BK1))Π1N )x0(t)− (Π1N ⊗A)x0(t)

−(Π ⊗BK11N )x0(t)
Γ4(t) = ((c1LΞ ⊗BK2)Π1N )x0(t)

−(ΞΠ ⊗Bc1K21N )x0(t)
Γ5(t) = c2((IN ⊗B) ((LΞ ⊗K2)Π1N )x0(t)

−(ΞΠ ⊗K21N )x0(t))

Π = (σ1, σ2, . . . , σN ) σi ∈ {±1} Ξ =
(a10, a20, . . . , aN0) σiσjaij ≥ 0 i, j ∈

{1, 2, . . . , N} aijσi = |aij |σj

aijσj = |aij |σi

(LΞ ⊗K2)Π1Nx0(t)− ΞΠ ⊗K21Nx0(t)

=

N∑
i=1

(
N∑

j=1 �=i

K2(|aij |+ ai0)σix0(t)

−
N∑

j=1 �=i

K2aijσjx0(t)−
N∑

j=1 �=i

K2ai0σix0(t)

)

=
N∑
i=1

(
N∑

j=1 �=i

K2(|aij |σi − aijσj)

)
x0(t)

= 0

Γ5(t) = 0
Γ3(t) = 0 Γ4(t) = 0

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

η̇(t) = Γ1(t) + Γ2(t)
Γ1(t) = (IN ⊗ (A+BK1) + c1LΞ ⊗BK2)η(t)

+c2(IN ⊗B) ((LΞ ⊗K2)η(t))
−(Π1N ⊗B)u0(t)

Γ2(t) = (IN ⊗ (A+BK1))h(t)− ḣ(t)

h(t)

i K1

ḣi(t)− (A+BK1)hi(t) = 0

ii c1 ≥ 1/λmin(L̄) c2 ≥ umax

K2 = −BTQ
Q

Q(A+BK1) + (A+BK1)
TQ− 2QBBTQ < 0
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i Γ2(t) =
(IN⊗(A+BK1))h(t)−ḣ(t) = 0

η̇(t) = (IN ⊗ (A+BK1) + c1LΞ ⊗BK2)η(t)

+ c2(IN ⊗B) ((LΞ ⊗K2)η(t))

− (Π1N ⊗B)u0(t)

η̄(t) = (Π⊗IN )η(t) Π−1 = Π
η(t) = (Π ⊗ IN )η̄(t) η̇(t) = (Π ⊗ IN ) ˙̄η(t)

˙̄η(t) = (Π ⊗ IN )−1c2(IN ⊗B) ((LΞ ⊗K2)(Π ⊗ IN )η̄(t))

+ (Π ⊗ IN )−1(IN ⊗ (A+BK1)

+ c1LΞ ⊗BK2)(Π ⊗ IN )η̄(t)

− (Π ⊗ IN )−1(Π1N ⊗B)u0(t)

Π−1 = Π (Π ⊗ IN )−1 = (Π ⊗ IN )
Π (z) = (Πz) z

˙̄η(t) = (IN ⊗ (A+BK1) + c1ΠLΞΠ ⊗BK2)η̄(t)

+ c2(IN ⊗B) ((ΠLΞΠ ⊗K2)η̄(t))

− (1N ⊗B)u0(t)

ΠΞΠ = Ξ (a10σ
2
1 , a20σ

2
2 , . . . , aN0σ

2
N ) =

(a10, a20, . . . , aN0) ΠLΞΠ = ΠLΠ + ΠΞΠ =
ΠLΠ + Ξ L̄ = ΠLΞΠ = ΠLΠ + Ξ

˙̄η(t) = (IN ⊗ (A+BK1) + c1L̄⊗BK2)η̄(t)

+ c2(IN ⊗B) ((L̄⊗K2)η̄(t))

− (1N ⊗B)u0(t)

ψ(t) = (L̄⊗ IN )η̄(t)

ψ̇(t) = (IN ⊗ (A+BK1) + c1L̄⊗BK2)ψ(t)

+ c2(L̄⊗B) (Θ(t))

− (L̄1N ⊗B)u0(t)

Θ(t) =
[
Θ1(t)

T , Θ2(t)
T , . . . , ΘN (t)T

]T
= (IN ⊗

K2)ψ(t) Θi(t) ∈ R
s i ∈ {1, 2, . . . , N}

V (t) = ψ(t)T (IN ⊗ Q)ψ(t)
Q > 0

V̇ (t) = 2ψT (t)(IN ⊗Q)ψ̇(t)

2ψT (t)(IN ⊗Q(A+BK1) + 2c1L̄⊗QBK2)ψ(t)

− 2c2Θ
T (t)(L̄⊗ Is) (Θ(t))

+ 2ΘT (t)(L̄1N ⊗ Is)u0(t)

V̇ (t)⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

V̇ (t) = V1 + V2 + V3

V1 = ψT (t)(IN ⊗ (Q(A+BK1) + (A+BK1)
TQ)

−c1L̄⊗ 2QBBTQ)ψ(t)
V2 = −2c2Θ(t)T (L̄⊗ Is) (Θ(t))
V3 = 2Θ(t)T (L̄1N ⊗ Is)u0(t)

L̄ = ΠLΞΠ = ΠLΠ + Ξ

Θ(t)T (L̄⊗ Is) (Θ(t))

= Θ(t)T (ΠLΠ ⊗ Is) (Θ(t)) +Θ(t)T (Ξ⊗ Is) (Θ(t))

=

N∑
i=1

N∑
j=1,j �=i

σiσjaij
(||Θi(t)||1 −Θi(t)

T (Θj(t)
)

+
N∑
i=1

ai0||Θi(t)||1

≥
N∑
i=1

ai0||Θi(t)||1

||Θi(t)||1 − Θi(t)
T (Θj(t) ≥ 0 i, j ∈

{1, 2, . . . , N} σ2
i = 1 |aij | = σiσjaij

Θi(t)
T (Θi(t)) = ||Θi(t)||1

Θ(t)T (L̄1N ⊗ Is)u0(t)

= Θ(t)T (ΠLΠ1N ⊗ Is)u0(t) +Θ(t)T (Ξ1N ⊗ Is)u0(t)

=
N∑
i=1

(ai0Θi(t))u0(t) σ2
i = 1, σiσjaij = |aij |

≤
N∑
i=1

ai0umax||Θi(t)||1

V2 + V3

= 2ΘT (t)(L̄1N ⊗ Is)u0(t)− 2c2Θ
T (t)(L̄⊗ Is) (Θ(t))

≤
N∑
i=1

ai0(umax − c2)||Θi(t)||1

≤ 0

V̇ (t) ≤ ψT (t)(IN ⊗ (Q(A+BK1) + (A+BK1)
TQ)

− c1L̄⊗ 2QBBTQ)ψ(t)

(ii) K2 = −BTQ
c1 ≥ 1/λmin(L̄) IN ≤ c1L̄

V̇ (t) ≤ ψT (t)(IN ⊗
(
(Q(A+BK1) + (A+BK1)

TQ)

− 2QBBTQ)
)
ψ(t)

< 0

V (t) > 0
V̇ (t) < 0 ||ψ(t)|| 0 ψ(t) = (L̄ ⊗
IN )(Π ⊗ IN )η(t)

t→∞ ||xi(t)− hi(t)− σix0(t)|| =
t→∞ ||ηi(t)|| = 0.
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i ∈ {1, 2, . . . , N}

h(t) K1

h(t)

ḣi(t)− (A+BK1)hi(t) = 0

Q K2

K2 = −BTQ c1
c2 c1 ≥ 1/λmin(L̄) c2 ≥ umax

Q(A+BK1) + (A+BK1)
TQ− 2QBBTQ < 0

K1

K1 = 0
ḣi(t) − Ahi(t) = 0

A

−

˙̃xi(t) = Ãx̃i(t) + B̃ui(t),

x̃i =∈ R
4 i ∈ {0, 1, . . . , 5}

x̃i(t) =

⎡
⎢⎢⎣
pxi(t)
vxi(t)
pyi(t)
vyi(t)

⎤
⎥⎥⎦ , Ã =

⎡
⎢⎢⎣
0 1 0 0
0 0 0 0
0 0 0 1
0 0 0 0

⎤
⎥⎥⎦ , B̃ =

⎡
⎢⎢⎣
0 0
1 0
0 0
0 1

⎤
⎥⎥⎦

pxi(t) ∈ R pyi(t) ∈ R

x y vxi(t) ∈ R

vyi(t) ∈ R x y

0

2

53

4

1

(3, 3) ωL = 0.2 rad/s rL = 2 m u0(t) =
[−ω2

L∗rL∗cos(ωLt),−ω2
L∗rL∗sin(ωLt)]

T

||u0(t)|| ≤ umax = 0.08

ω = 1 rad/s r = 0.5 m
h(t)

hi(t) =

⎡
⎢⎢⎣

rcos(ωt+ (i− 1)/π)
−ωrsin(ωt+ (i− 1)/π)
rsin(ωt+ (i− 1)/π)
ωrcos(ωt+ (i− 1)/π)

⎤
⎥⎥⎦ , i ∈ {1, 2}

hj(t) =

⎡
⎢⎢⎣

rcos(ωt+ 2(j − 1)/3π)
−ωrsin(ωt+ 2(j − 1)/3π)
rsin(ωt+ 2(j − 1)/3π)
ωrcos(ωt+ 2(j − 1)/3π)

⎤
⎥⎥⎦ , j ∈ {3, 4, 5}

V1 = {1, 2}
V2 = {3, 4, 5} Π = (1, 1,−1,−1,−1)

L

L =

⎡
⎢⎢⎢⎢⎣
2.5 −1 1.5 0 0
−1 2 0 0 1
1.5 0 3.5 −2 0
0 0 −2 3.5 −1.5
0 1 0 −1.5 2.5

⎤
⎥⎥⎥⎥⎦

K1 K1 =

[−ω2 0 0 0
0 0 −ω2 0

]

K1 =

[−1 0 0 0
0 0 −1 0

]
K2 = −B̃TQ

Q−1(Ã +
B̃K1)

T + (Ã + B̃K1)Q
−1 − 2B̃B̃T < 0

Q =

⎡
⎢⎢⎣

1.252 −0.304 0 0
−0.304 1.735 0 0

0 0 1.252 −0.304
0 0 −0.304 1.735

⎤
⎥⎥⎦

K2 =

[−0.146 −0.602 0 0
0 0 −0.146 −0.602

]
c1 = 10 c2 = 1

x̃0(0) =

⎡
⎢⎢⎣

1
0.5
1

−0.6

⎤
⎥⎥⎦ , x̃1(0) =

⎡
⎢⎢⎣

2
1
−2
0.8

⎤
⎥⎥⎦ , x̃2(0) =

⎡
⎢⎢⎣
−2
0.6
−1
−1

⎤
⎥⎥⎦

x̃3(0) =

⎡
⎢⎢⎣
−3
1.4
0
0.1

⎤
⎥⎥⎦ , x̃4(0) =

⎡
⎢⎢⎣
−3
−1
2
0.9

⎤
⎥⎥⎦ , x̃5(0) =

⎡
⎢⎢⎣

0
1
4
0.7

⎤
⎥⎥⎦

pxi(t) pyi(t)
− t = 80s

t = 80s

t = 80s
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1 2
r = 0.5m

ω = 1 rad/s 3 4 5
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pxi(t) pyi(t) −
t = 80s
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pxi(t) pyi(t) − t = 80s
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